Abstract. A contraction technique of the first author is used to derive, for a certain class of continua with contractible hyperspaces, results about Whitney stability, the cone = hyperspace property, and Whitney properties.
Throughout this paper, the letter ju will denote a Whitney map for the hyperspace C(X). The symbol a will denote the map from C(C(X)) to C(X) defined by o(&) = U [A: A G &}, and a, will denote the restriction of a to C(p~\t)). The letter G will denote the map of A" X 7 to C(X) defined as follows:
G(a, t) = o{A G pTx(t): a OE A).
Kelley [6] has shown that G is continuous if the continuum X has property K.
Kelley [6] also defined g : C(X) X 7 -* C(X) by §(A, t) = o{ G(a, t'): a G A, t' < t).
Then § restricted to the set of singletons is the map G, and § has the property that §(A,tx)C@(A, tj whenever r, < t2. Define §: C(X) X 7-> C(A") by /I, / < p.(A), @(A, (t -p,(A))/ (1 -¡i(A))), t > p(A), ¡i(A) < 1. Define 77: C(X) X 7 -> C(X) by 7Í(/Í, í) = S(/t, inf{i: g(^, 5) G u-'(f)}).
Then § and 77 are continuous [4 or 5] . Let 77: X X 7 -» CÍA') be the restriction of 77 to the set of singletons in C(X).
Denote 77 restricted to A" X {t) by 77,. Note that the range of 77, is n~x(t). 
Diagram I
A continuum X is said to be arc-like if it is the inverse limit of arcs with surjective bonding maps. The continuum X is circle-like if it is the inverse limit of circles with surjective bounding maps.
A continuum X is said to admit essentially different Whitney maps provided that there exist Whitney maps /t and ju' for C(A") such that some member of { p~x(t): 0 < t < n(X)} or of {(ii')'x(t): 0 < / < n'(X)) is not homeomorphic to any member of the other set.
A continuum is said to be Whitney stable provided that, for all Whitney maps ju for C(A"), (i~x(t) is homeomorphic to X for each t G (0, KA")).
A continuum X is said to have the covering property provided that no proper subcontinuum of ju~'(i) covers A, for any Whitney map p. on C(A") and any t G (0, MA")).
A map / from X onto Y is said to be weakly confluent provided that, for each subcontinuum K of Y, there exists a component A oîf~x(K) such that f(A) = K.
A continuum X is said to be in Class (W) provided that every mapping of any continuum onto X is weakly confluent. Chainable continua are in Class (W). Being in Class (W) is equivalent to having the covering property.
A topological property P is said to be a Whitney property if whenever a continuum X has property P, then so does n~x(t) for each Whitney map u on C(A") and each t G (0, /t(A")).
A continuum X is said to have the cone = hyperspace property if there is a homeomorphism h: Cone(A) -» C(A") such that h maps the vertex of the cone to the point X in C(A") and maps the base of the cone onto the set of singletons in C(X). Proof. By Theorem 1, the map 77, is one-to-one. Since A has the covering property, 77, is surjective [3] . Proof. Solenoids belong to Class (W) [5] , and solenoids have property K. ? is a subcontinuum of 0 containing p, then there exists a continuum C in 0 such that q G C and p(B, C) < e. This is the desired 8, for if the subcontinuum B of X contains p but is not a subset of 0, then choose C = X because p(B, X) < e. Theorem 6. There exists a continuum with the cone = hyperspace property that is neither arc-like nor circle-like.
Proof. The plane continuum described by Bing [1, p. 222] has four complementary domains. Hence, it is neither arc-like nor circle-like. It satisfies the hypotheses of Theorem 5, so it has property K. Furthermore, each arc component of X is the one-to-one continuous image of the real line and both ends are dense in X. Hence, X satisfies the hypotheses of Theorem 1. Thus, the map 77: Cone(A")-* C(A") is a homeomorphism provided we show that X has the covering property.
To show that A has the covering property, we verify the three hypotheses of [5, Corollary 4.7] . Each proper, nondegenerate subcontinuum of X is an arc. No subcontinuum of X locally separates two points. Finally, X has finite open covers of arbitrarily small mesh whose nerves are graphs with Betti number four. Hence, X has the covering property, and the proof of the theorem is complete.
Question. Suppose the finite-dimensional continuum A has the cone = hyperspace property. Must X have property K? Must X be Whitney stable? Must X have the covering property?
Had the property that every proper nondegenerate subcontinuum is an arc been a Whitney property, we would not have had to require that A have the covering property in Corollaries 2 and 3. We investigate this property next.
Theorem 7. The property of having every nondegenerate proper subcontinuum be an arc is a Whitney property for the class of continua with the covering property.
Proof. Let A" be a continuum with the covering property. Let Z be a proper, nondegenerate subcontinuum of fl,~\t). Since A has the covering property, o(X) is a proper, nondegenerate subcontinuum of A", and hence an arc. So Z is a subcontinuum of p.'x(t) n C(o(Z)). Hence, Z is an arc, because Whitney levels of arcs are arcs.
Finally, we give an example to show that the restriction to continua with the covering property is necessary in the above theorem. Every proper nondegenerate subcontinuum of X is an arc, and X has exactly two endpoints. Let Y be the circle-like continuum obtained by identifying these two endpoints. Each proper nondegenerate subcontinuum of Y is an arc. For each t between 0 and 1, however, n~x(t) is the union of an arc A and an indecomposable continuum B (actually B is homeomorphic to A", by the techniques of this paper) such that A n B is the common set of endpoints of A and B. Hence, Y has the property that for any Whitney map ju. and any /, 0 < t < 1, ju._1(r) contains a proper nondegenerate subcontinuum that is not an arc.
2. Continua with arcs as subcontinua. Let A be a continuum such that each proper, nondegenerate subcontinuum is an arc. A point e of X is called an endpoint of X if e is an endpoint of every arc that contains it.
In the next theorem, we show that, for certain continua, 77, is a monotone map; it follows from the proof that the number of points with nondegenerate inverses is no more than the number of endpoints of X. Theorem 8. Suppose the continuum X has property K. If each proper, nondegenerate subcontinuum of X is an arc, then 77, is a monotone map, for each t.
Proof. Suppose a and b are points of X with 77,(a) = 77,(7>). Let Z G C(A"). The cases Z = X or Z is a singleton (i.e., t = 1 or t = 0) are trivial, for 77, is a constant map and 770 is a homeomorphism. Let us assume, therefore, that Z is a proper, nondegenerate subcontinuum of X. Then Z is an arc in X containing a and b.
The cases X = Sx and X = I are simple, and the proofs will be omitted. If X is neither a circle nor an arc, then X is an indecomposable continuum such that each arc component of X is dense in X, since the composants of A are the arc components.
There exist numbers tx and t2 such that G(a, tx) = G(b, t^. Assume t2 < tx. Let Question. Is 77, monotone for each t whenever X is hereditarily unicoherent and atriodic?
Next we apply Theorem 8 to investigate the structure of the hyperspace of certain chainable continua. John Walsh has pointed out to us that decomposition theorists have considered decompositions such as that of Theorem 11 and called them sliced decompositions (cf. [2] ).
The chainable continua of interest are those obtainable as the inverse limits of arcs with open bonding maps. The chainable continuum used in Example 1 is such a continuum. In [7, p. 205] are pictured two such continua, one with one endpoint and one with two endpoints. Such continua must have either one or two endpoints. Every proper nondegenerate subcontinuum of these continua is an arc. Furthermore, these continua have property K. Will Watkins and Wojciek Debski independently have classified such continua and have shown that there are c = 2"°t opologically distinct ones.
Theorem 10. Suppose X is the inverse limit of arcs with open bonding maps. Then X is Whitney stable.
Proof. For each t between 0 and 1, the map 77,: A X {i} -»• ft"'(/) is a surjective cell-like map with exactly as many nondegenerate point inverses as X has endpoints (namely, one or two). Furthermore, each of these nondegenerate point inverses is an arc, and each such arc A is contained in a closed set W homeomorphic to the product of 7 and the Cantor set. Such a set W may be chosen with the additional properties that: (1) exactly one endpoint of A is an endpoint of a maximal arc in W, (2) the boundary of W in A is the set of endpoints of maximal arcs in W, and (3) if X has two endpoints, then the two chosen sets Wx and W2 are disjoint.
The point inverses of 77, yield an (very simple) upper semicontinuous cell-like decomposition of X X {r}. The facts in the previous paragraph imply that the decomposition is shrinkable; this means that, for each e > 0, there exists a homeomorphism h of A X {/} onto itself such that (a) p(Ht(Z), Ht(h(Z))) < t for each Z in X X {t) and (b) diamëter(/j04,)) < e, for each nondegenerate point inverse A¡. In fact h can be chosen to be the identity map on the complement of WXX {t) (and W2 X {/} if W2 exists).
The Bing Shrinkability Criterion [2] implies that 77, can be approximated by homeomorphisms. Hence, p~x(t) is homeomorphic to X. Theorem 11. Suppose X is the inverse limit of arcs with open bonding maps. Then there is a homeomorphism L: Cone(A") -» C(A") making the following diagram commute:
Proof. The idea of this proof is that the approximations of 77, by Homeomorphisms in the previous theorem may be chosen to form the desired homeomorphism L. It is worth noting that no such homeomorphism L exists for a pseudo-arc, even though the pseudo-arc is Whitney stable and 77, is a cell-like map. The shrinkability of the decomposition is essential.
The proof is similar to that of the previous theorem. We wish to approximate the restriction of 77 to X X [1 -\/n, 1 -\/(n + 1)], n a natural number, by homeomorphisms that agree on the intersection of two such sets. As in the previous theorem, the homeomorphism will be the identity map on the complement of certain sets analogous to the sets W. The sets W of the previous theorem are now replaced, however, by sets homeomorphic to the product of a two-cell and the Cantor set. Each nondegenerate element of the decomposition lies in some set of the form X X {t}; hence, in the terminology of [2] , the decomposition is sliced. In a two-cell that contains nondegenerate elements of the decomposition, the decomposition is similar to shrinking to points all horizontal line segments to the left of the diagonal line segment in the two-cell in Diagram IV.
Diagram IV
The approximation by homeomorphisms may be done in such a way that the lower triangle of Diagram III commutes. This completes the proof. Proof. The proof of Theorem 8 shows that for t < ¡i(A) (respectively fi(C)), the only nondegenerate point inverses under 77, are those which contain an endpoint. Furthermore, each endpoint of X (respectively, the endpoint in Y) is contained in an arc, which is the nondegenerate point inverse containing that endpoint. Hence, point inverses of 77, are arcs or points. Also, n~x(t) is irreducible, so it is the image of X (respectively, Y) under the map 77,. Such monotone images are clearly homeomorphic to X (respectively Y). (See also [8] .) If t > fi(A) (respectively ft(C)) and t < 1, then 77, has exactly two nondegenerate point inverses, one containing A (respectively C) and one containing an endpoint. The image of such a monotone map is an arc. Since 77, is surjective, n~x(t) is an arc.
Finally, if t = 1, then 77, is a constant map with a point as its image.
